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Abstract— In this paper, we introduce a new class of sets called
-generalized preclosed sets and  -generalized preopen sets in
topological spaces and study some of their properties.

Index terms- Tt — gp — closed zet, T' — gp — open set

|. INTRODUCTION

In 1970, Levine[6] introduced the concept of generalized
closed sets as a generalization of closed sets in topological
spaces. Using generalized closed sets, Dunham[5] introduced
the concept of the closure operator c1* and a new topology **
and studied some of their properties. S.P.Arya[2],
P.Bhattacharyya and B.K.Lahiri[3], J.Dontchev[4], H.Maki,
R.Devi and K.Balachandran[9], [10], P.Sundaram and
A.Pushpalatha[12], A.S.Mashhour, M.E.Abd E1-Monsof and
S.N.E1-Deeb[11], D.Andrijevic[1] and S.M.Maheshwari and
P.C.Jain[9], Ivan Reilly [13], A.Pushpalatha, S.Eswaran and
P.RajaRubi [14] introduced and investigated generalized semi
closed sets, semi generalized closed sets, generalized semi
preclosed sets, & —generalized closed sets, generalized- &
closed sets, strongly generalized closed sets, preclosed sets,
semi-preclosed sets and & —closed sets, generalized preclosed
sets and T*-generalized closed sets respectively. In this paper,
we obtain a new generalization of preclosed sets in the weaker
topological space(X, T+).

Throughout this paper X and Y are topological spaces on
which no separation axioms are assumed unless otherwise
explicitly stated. For a subset A of a topological space X,
int(A), c2(A), cl*(A), 5ci{A), spellA), cl,(A), cl,(A) and

A* denote the interior, closure, closure*, semi-closure, semi-

preclosure, &-closure, preclosure and complement of A

respectively.

2.Preliminaries:

We recall the following definitions

Definition: 2.1

A subset A of a topological space (X, T) is called

(i) Generalized closed (briefly g-closed)[6]
whenever ACG and G is open in X

if cl(A)SG

(ii) Semi-generalized closed(briefly sg-closed)[3] if scl(A)cSG

whenever ACG and G is semi
open in X.

(iii) Generalized semi-closed

scl(A)=G whenever ACG and G is
open in X.

(iv) a- closed[8] if cl(int(cl(A))) € A

(v) o-generalized closed (briefly ag-closed)[9] if cl.(A) € G

(briefly gs-closed)[2] if

whenever ACG and G is open in X.

(vi) Generalized a-closed (briefly ga-closed)[10] if spcl(A) S
G whenever ACG and G is open in X.

(vii) Generalized semi-preclosed (briefly gsp-closed)[2] if
scl(A) & G whenever A= G and G isopenin X.

(viii) Strongly generalized closed (briefly strongly g-
closed)[12] if cilA) E & whenever

A £ & and G is g-open in X.
(ix) Preclosed[11] if ci{int{A)) € A
(x) Semi-closed[7] if int{ci(A)) C A

(xi) Semi-preclosed (briefly

mt(cl(mt(A)))1C A,

(xii) Generalized preclosed (briefly gp-closed)[13] if
£l 4 € & whenever A € & and G is open.

sp-closed)[1] if

The complements of the above mentioned sets are called
their respective open sets.

Definition: 2.2

For the subset A of a topological X, the generalized closure
operator £i*[5] is defined by the intersection of all g-closed
sets containing A.

Definition: 2.3

For the subset A of a topological X, the topology T* is defined
by T8 = 1@ cl*(G%) = G5

Definition: 2.4

For the subset A of a topological X,

(i) the semi-closure of Al briefiy scl(A)][7] is defined as

the intersection of all semi-closed sets containing A.
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(i) the semi-Pre closure of A(briefly spci{A))[1] is
defined as the

containing A.
(iii)) the @ — closure of A [ briefly cl,(A))[8] is defined

intersection of all semi-preclosed sets

as the intersection of all & — clased sets containing A.

(iv) the preclosure of A, denoted by ciy{AJ[13], is the
smallest preclosed set containing A.

Definition: 2.5

A subset A of a topological space X is called T* generalized
closed set (briefly Tt — geolosed)[14] if el*(A)CS €
whenever & € & and G is T+ — apen. The complement of
called  the

Tt — generalized  closed set s

Tt — generalized open set [ briefly T4 — g — open).
3. " — Generalized Preclosed Sets In Topological

Spaces
In this section, we introduce the concept of T*- generalized
preclosed sets in topological spaces.

Definition: 3.1
A subset A of a topological space X is called
Tt — generalized preclosed

(briefly Tt — gp — closed) if cl* (cl, (A E G
whenever A £ & and G is T¥ — open. The complement of
Tt — generalized  preclosed set is called the
Tt — generalized preopen set (briefly T8 — gp — apen).
Example: 3.2

Let X = {@ b,c}and let T = {¢h X, (el (e b1, {cl {a cl}.
Here (X, T%) is T*-generalized preclosed

Theorem: 3.3
Every closed setin X is T+ — gy — closed.

Proof:
Let A be a closed set. Let A4 E & Since A is closed,

clfA) = AC G But cl*(cl,(A)) € cl{A). Thus, we have
ci*(cl,(A)) € & whenever A S & and G is 7% — open.
Therefore Ais T4 — gp — closed.

Theorem: 3.4
Every T4 — closed setin X is T4 — gp — closed.

Proof:

Let A be a T% —rclosed set. Let A £ where G is

' —open  Since A is T' —closed, cl*{A)=ACEG.
Thus, we have £i* (rzi?,(!l}) C & whenever A € & and G is

T* — apen. Therefore Ais T4 — g1 closed.
Theorem: 3.5
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Every g-closed set in X is a T*—gp-closed set but not

conversely.
Proof:
Let A be a g-closed set. Assume that 4 £ &, Gis T+ — open

in X. Then ci{A)E &, Since A is g-closed. But
ci*(c,(4)) € ci(A). Therefore cl*(cl,(A)) C G,

Hence Ais Tt — gy — closed.

The converse of the above theorem need not be true as seen
from the following example.

Example: 3.6

Consider the topological space X = {&, &,c} with topology
T=1{X,¢ {alia bl lch{a,c}ll. Then, the set {ac} is
TF — gp-closed but not g-closed.

Remark: 3.7

The following example shows that T5 — gt — closed sets
are  independent  from  sp-closed, sg-closed  set,
& — closed set, preclosed set, gs-closed set, gsp-closed set,

&g — closed setand ga — closed set.

Example: 3.8
Let X ={a b,c} and ¥ = {a,b,¢,d} be the topological
spaces.

(i) Consider the topology = = {X, ¢, [@}]. Then the sets
lelle,bland {a, clare Tt — gp—  closed but not sp-

closed.
(ii) Consider the topology T = {X, ¢, {&, 5}}. Then the sets

Tt — gp — closed,
Then the sets

{e} and {51} are sp-closed but not
(iii) Consider the topology 7 = {X,¢1.
lal il {lchia, bl 1b cland {a,c}

are T' — gp — closed but not sg-closed.
(iv) Consider the topology T = {X, ¢y lal 18] 1a, b}}. Then
{eland {b}  are
Tt — gp— closed.

(v) Consider the topology T = {X. ¢, {@}}. Then the sets
lal il ichia bland {a,c} are T4 — gp — closed but

the  sets sg-closed  but  not

not & — clased.,

(vi) Consider the topology T = {X, ¢ (el (e b}}. Then the
set { b} is & — clesed but not
(vii) Consider the topology T = {X, ¢, {@}]. Then the sets

closed but not

Tt — gp —closed.

ialle bl and {a,cl are T4 — gp—
preclosed.
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(viii) Consider the topology T = {X, ¢y 1b1{a, b}}. Then the

set {2} is pre-closed but not 7+ — gp — closed.

(ix) Consider the topology ¥ = {.X,¢. Then the sets

lal 1b], lehia b1 {5, c} and {a,c} are
T+ — gp — closed but not gs-closed.

(x) Consider the topology
7 =1{Y, ¢ {al la b cl,{a b d}}lThen the

bl {bcland {b,d} are
T+ — grr —closed.

(xi) Consider the topology T = 1.X, ¢, {al, {51, {e, B}}. Then
clased but not

sets
g5 —closed  but  not

the sets ibland{a, b} are gsp—
T+ — grr —closed.

(xii) Consider the topology 7 = {¥, ¢, {&}}. Then the set {a}
is Tt — gp — closed but not gsp- closed.

(xiii) Consider the topology = = {X, ¢, {a}]. Then the set
{a}istt — gp — closed but not &g-closed.

(xiv)Consider the topology
T=1Y.¢ {al la b ch{a b d}} Then the set

bl {bcl, b d} are ag — closed but

nottt — gp — closed,

(xv) Consider the topology

= {X ¢ {a}{b){a, bl {a cl]. Then the set {b] is
Tt — gp— closed but not g — closed.

(xvi)Consider the
T=1{Y, ¢ el {a b chia b dll
bl ib cland {b,d} are
Tt — gp— closed.

Theorem: 3.9
For any two sets A and B

ci* (el (AUB)) = el (cl,(A)) U et (c1,(B))

Proof:
Since AS A U B, we have

ci*(ct,(a)) € ci* (1, (AU B))
B € AUB wehavecl* (ciy(B)) € ci* (cl, (AU B)).

topology
Then the  set

go— closed  but  not

and Since
Therefore ci*(ci,p(f‘l]) el (cEF(B))E

ci*(c1,(AUR)). Aiso, e1*(€2,(4)) and e1*(€l,(B))
are the closed sets.
Therefore rzi*(r:i?,(f‘l)) U el (r:Lp(B]) is also a closed

set.  Again, AS CI*(CLF(A:') and BE ci*(cip(ﬁ’)),
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implies UB € c1*(c2,(4)) U ei* {c1,(B)).

ci*(rziﬂ(ﬂ)) U oelt (r:.t?,(B}jl is a closed set containing

Thus,

AUE. Since Ci*(cip(ﬁl ] B)) is the smallest closed set

containing A W B, We have
ci*{ct,(AUR)) € et*(cl,(A)) U ei* {c1,(B))

Ths, €1* (e1,(AU B)) = c1* (e, (A)) U 1t (e1,(8))

Theorem: 3.10

Union of two T%—gp—closed sets in X is a
Tt — gp— closed setin X,

Proof:
Let A and B be two T'— gp— closedsets. Let

AUE C{f,where G is T" — open. Since A and B are
Tt — gp — closed sets, rzi*(ciﬂ(ﬂ)) U oelt (ciﬁ(B))
C &, But by 3.12
ci* (el () U et (e, (B)) = ci* (el (A UB)). Ther

efore r:.!*(r:i,p(ﬂ §] B)) cC G

theorem

Hence AUE is a

T — gp— closed set.

Theorem: 3.11
A subset A of X is Tt — gp— clesed if and only if

clt (CE?,(A:') — A contains no non-empty ¥+ — closed set in

X.
Proof:
Let A be a Tt — gp — closed set. Suppose that F is a non-

empty 7% — elosed subset of Ci*(cip(ﬁl))—ﬁl. Now,
Fe it {1, (4)) - 4.

Since
ci*(c1,()) — 4 = et (e1,(4))n A°.

Then FC ci* (el (4)) N A°

Therefore
FC ¢t (CI?,(A)) and FE A® Since F® is a T*-open set
and Aisatt — gp — closed, cl* (Cip(ﬁl)) C F® Thatis
F et (cty() n e (clp()]* = ¢. Thatis F =
¢, a contradiction. Thus, &i* (r:i?,(}'l:l) — A contain no non-

empty 75 — closed set in X.  Conversely, assume that

el (Cip(ﬁlj) — A contains no non-empty ¥ — closed set.

Let A S &, Gist! —open. Suppose that ci*(ci?,(ﬂjl) is
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not contained in G. then ci*(ci,p(;l)) " €% is a non-empty
Tt —closed set of «lt (EI?,(A]I) —A which is a

contradiction. Therefore, CE*(CE?,(FI)) — A C & and lence

AisT! — gp — closed,

Corollary: 3.12
A subset A of X is T —gp—closed if and only

clt (rzi?,(!l]) — A contains no non-empty closed set in X.

Proof:

The proof follows from the theorem 3.11 and the fact that
every closed set is T4 — clesed set in X.

Corollary: 3.13

A subset A of X is T — gp— closed if and only if

el (CE?,(H}) — A contains no non-empty open set in X.

Proof:
The proof follows from the theorem 3.11 and the fact that
every open set is T+ — apen set in X,

Theorem: 3.14

If a subset A of X is Tt —gp— closed and

ACEBC el? (r:.i?,(;-‘l]l), then B is T+ — gp — closed set in

X.
Proof:

Let A be a ftTt—gp—closed set such that

ACEC CI*(CE?,(FI)). Let I be a T+ — open set of X
such that BE U. Since A is T4 — gp — closed, we have
ci* (e, () e U

Now,

(e, (4)) € a*(et,(B)) € e(e(et, (A)) = et (et (@))e v [1]

That is EE*(ELF,(E:') C U Uistt— open.

Therefore B is T+ — gpr — closed set in X.

The converse of the above theorem need not be true as seen
from the following example.

Example: 3.15

Consider the topological space X = {&, &, £} with topology

r={x ¢ {al{a bl Let A={clendB ={bc].
Then A and B are T4 — gp — closed sets in (X, 7). But
A C Bisnot a subset of r:.i*(r:i?,(ﬂ)).

Theorem: 3.16
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Let A be a 7' —gp— closed in (X, 7). Then A is
g — closed if and only if ci* (EI?,(A:') — Aist! — open.
Proof:

Suppose A is g-closed in X. Then, ci* (Cip(ﬁlj) = Aandso
r:ﬂ*(cﬂ?,(ﬁljl)— A= ¢ which is Tt—apen in X
Conversely, suppose CE*(CE?,(H}) — Ais Tt —open in X.
Since A is T — gp— closed, by the theorem 3.11,

Ei*(ﬂip(fl:') — A contains no non-empty T* — closed set

in X. Then, ci* (CE?,(FI:':] — A = ¢ Hence, A is g-closed.

Remark 3.17
From the above discussion,
implications.

Closed g-closed T* — closed

we obtain the following

sp-closed

g — closed

gselosed

Bsp-close

goe— closed

Tt — gp— closed

I‘L

sg- closed o — closed Preclosed

A—> Bmeans & impliez B, A—‘—b B means & doeznot mply B and A<—|—b B means
A and B are independent.
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